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ENTROPY VIA RANDOM PERTURBATIONS
BY
YURI KIFER'

ABSTRACT. The entropy of a dynamical system S‘ on a hyperbolic attractor with
respect to the Bowen-Ruelle-Sinai measure is obtained as a limit of entropy
characteristics of small random perturbations x; of S’. Both the case of perturba-
tions only in some neighborhood of an attractor and global perturbations of a flow
with hyperbolic attracting sets are considered.

1. Introduction. Let M be a locally compact, separable, connected d-dimensional
C3-class Riemannian manifold, and let B, X,, X,,...,X, 4, be C Z.vector fields on M.
Consider the flow S": M — M, —o0 <t < 00, defined by

(1.1) d(S'x)/dt = B(S'x),

and the family of diffusion Markov processes x; given by the stochastic differential
equation

(1.2) dxt=B(xf)dt+e X X(xf)aw/,
I<i<d

where w, = (w/,...,w?) is a standard d-dimensional Brownian motion, ¢ >0 is a

parameter, and the stochastic differential in (1.2) is taken in the sense of Stratono-

vitch (see [6]) so that its infinitesimal generator L° has the form

2
(1.3) L€:B+% S XX,

I<i<d

One can understand (1.2) in the sense that for any smooth function f on M,

(1.4) fxf) = f(x§) + [Bf(xt) ds +e 3 [ f(x) dw.

I<i<d

The processes x! are called small random perturbations of the flow S‘. This
definition is essentially the same as in [8 and 9], but the present notation is more
convenient for our goals and also for clarifying this model of random perturbations.
One can consider (1.2) as the equation (1.1) with the right-hand side of it perturbed
by random vector fields. The representation of x{ as a stochastic flow (see [6]) is also
relevant here.
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590 YURI KIFER

LetI' = (V,,...,V,) be a partition of M into closed subsets such that

(1.5) U ¥,=M and ¥,nV,=,n0, ifi+],
I<i<k

where aV; = V\int V, is the boundary of V. Denote

(1.6) P(1,x,Q) = P{x; € Q}.

for any Borel subset Q, where P{{-} is the probability of the event in brackets,
provided x§ = x. Suppose x; has an invariant probability measure p°, i.e.

(1.7) #(Q) = [ p(dx)P (1., 0)

for any Borel subset Q and ¢ > 0. Then one can consider

(18)  0loeoii) = [ p(d)P(xi €V, X3 €V Xy €V, ).

0

Assume

(1.9) p(or') =0,

where 3T = U*_ 9V, and set

(110) H:(r) = - 2 OE(iO""’ ")1110 (IO’ . ’in)’

where 0In 0 = 0. It is known (see [2]) that
(1.11) Hy.,(T) < H5(T) + HX(T).

so by the standard subadditivity argument the limit

(1.12) H{(T) = lim 5= H{(T) = inf w3 Hi(T)

1 1
o N+1 N +1
exists. The quantity H¢(T) is the entropy (see [2]) of the stationary Markov chain x,,
n=0,1,..., with the invariant measure p* with respect to the partition of the

sample space £ into the sets

Q= {w:xj(w) €V}, i=1,.. k.

Assume

(1.13) po — p ase; — 0 in the weak sense (“ﬁi“)
and

(1.14) lim sup| [ P(t. x, dy)f(y) ~f(S'%)| =

for any ¢ > 0 and a continuous function f on M. Then (see [5]) the measure u will be
invariant for the flow S’. If

(1.15) w(3T) =0
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then one can also consider the entropy H(I') of the transformation S' with respect
to the partition I' (see [2]),

1
(1.16) H(T) = lim w— Hy(T) = inf g Hy(T),
where
H/(T)=- > | 0(igy...riy)no(iy,... iy)
(again 0In 0 = 0) and
(1.17) o(io,...,i,,,)zu( M S‘fV,/).

0<j<N
From (1.9) and (1.13)—(1.17) it follows that
(1.18) 09(igs...viy) = 0(ig,....iy) ase -0,
so by (1.12), (1.15) and (1.16),

(1.19) limsupH(T) < mf NlL ] hmsupH‘/(I‘) = H(T).

£,—0

We shall prove in this paper that if S'is a hyperbolic flow, I is a partition into
elements of small size satisfying (1.9) and (1.14), and p is the Sinai-Bowen-Ruelle
measure on an attractor, then

(1.20) lim H*(T') = h,(S"),

where A (S 'y = supp H(T') is the entropy of S' with respect to the measure p (see
(2]).

Notice that in the case (S 'y = 0, the inequality (1.19) automatically becomes an
equality, so (1.20) is also true. Relation (1.20) is interesting also in the framework of
the general question: What parameters of dynamical systems can be approximated
by parameters of their random perturbations?

We shall consider two cases. The first is the case of perturbations considered only
in some neighborhood of a hyperbolic attractor A, i.e. when the operator Lf
coincides with B outside of some neighborhood of A and L° is a nondegenerate
elliptic operator in some smaller neighborhood of A. This case is important since a
hyperbolic attractor can be constructed in a noncompact space, such as R, and it is
not natural to immerse it first into a compact manifold and only then to consider
random perturbations on this manifold.

We also prove (1.20) in the second case when M is a compact manifold, x{ is a
nondegenerate diffusion on M, and the w-limit set of S’ is the disjoint union of a
finite number of hyperbolic attractors and a finite number of closed unstable sets.
The measure p in this case is a combination of Sinai-Bowen-Ruelle measures on
attractors. As usual, by simplifying our arguments one can reproduce all results for
random perturbations (of the type considered in [8]) of hyperbolic diffeomorphisms.

Notice that under natural regularity conditions on the transition probability
P(t, x, Q), such as Doblin’s condition (see [4]), which are satisfied provided the
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operator L is nondegenerate and M is compact, the entropy of the Markov chain x;,
i.e. supr H%(T"), is infinite. Therefore this notion is not interesting here. Nevertheless,
the entropy with respect to partitions and the corresponding asymptotics turn out to
be very useful for small random perturbations, since we can first let ¢ - 0 and then,
if necessary, take the supremum over partitions.

The structure of this paper is the following. In §2 we give the definitions and
formulate the main results. §§3 and 4 contain the proofs. In the conclusion (§5) we
consider another approach and discuss the case of a nonuniform hyperbolic flow
(see [11]).

This paper was written during my visit to the University of Maryland. The author
gratefully acknowledges the University of Maryland for the invitation to spend my
sabbatical there and A. Katok for a number of very useful discussions.

2. Definitions and main results. A compact S'-invariant (-o0 <t < o0)set A C M
is called hyperbolic if the tangent bundle TM restricted to A can be written as the
Whitney sum of continuous subbundles

(2.1) T\M=F ®F°®F",

where F° = B, this decomposition is invariant with respect to the differential DS’ of
S, and there exist ¢, » > 0 such that

(2.2) | DS < ce™||¢|| foré e F*,1=0,
and
(2.3) |DS~n|| < ce™||n|| form € F* t=0.

A set A is called a hyperbolic (basic) attractor if:

(a) A is hyperbolic and either A is a point or it contains no fixed points;
(b) the periodic orbits of S|, are dense in A;

(c) S'|, is a topologically transitive flow;

(d) there is an open set U, D A such that

(2.4) S, C U, forallz>0 and A= [)SU,.

=0
For x € A let J(x) be the Jacobian of the linear map DS': F* — Fi . Define

(2.5) g (x) =- 2dx)

=0

If A is a hyperbolic attractor then there exists a unique S’-invariant probability
measure p, on A such that the entropy 4, (S') of S' with respect to p, satisfies the
formula (see [3])

(2:6) h(81) = = [ @ ()l dx).

ASSUMPTION A. Let A be a hyperbolic attractor, an open set U, has a compact
closure and satisfies (2.4), the operator L® defined in (1.3) is a nondegenerate elliptic
operator in some open set U, C Uy and L* = B | MU,
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If Assumption A is satisfied then it follows that the process x; never leaves
U, = U, U 3U, provided x§ € U,. Using [8] we shall prove the followmg result in

§3.

PROPOSITION 1. Suppose Assumption A is valid. Then the process x| has the unique
invariant measure p‘, having support in U, and

(2.7) u i’M ase - 0.
The main result of this paper is the following

THEOREM 1. Let Assumption A be satisfied and I = (V,...,V, ) be a partition of M
such that

(2.8) o C U, m(0l) = u,(0T) =0
and maxy cr, , diamV; < p, where I\(p) = {V;: V,N U (A)# @}, U(A) = {y:

dist(y, A) = p} p > 0 is small enough and m is the Riemannian volume.
Then

(2.9) lin(l)HE(I‘) = hu’\(S'),
where H'(T') is defined by (1.8), (1.10) and (1.12) with u* = p°, given by Proposition 1.

REMARK 1. In (2.9) one can also take a partition I" with piecewise smooth
boundary 0I" C U, . In this case (2.8) will be satisfied and the left-hand side of (2.9)
will not depend on the dynamical system S* but only on the process x:.

For any x, y € M define
(2.10)  d(x,y)= inf inf S dist(S'x,, x,4,)

0=s1<1 x(=S"x, x,=y,n=0 o<isn—|
where inf is taken over all finite sequences {x, E M,1 =72=0,i =0,...,n; x, = S™x
and x, =y}. Following [12] we shall say that x is equivalent to y (x ~y) if
d(x,y)=0and d(y, x) = 0. A set K C M is called stable if for any x € K and
y & Konehasd(x, y)>0.

ASSUMPTION B. (a) M is a compact manifold and the operator L® defined by (1.3) is a
nondegnerate elliptic operator on M; (b) there exist a finite number of equivalence

classes K|,...,K, (with respect to the relation ~ above) which are compact sets and
contain any w- Iimit set of the equation (1.1); (c) the stable sets among K ,...,K, are
K, = A,,...,K, = A, and they are hyperbolic attractors.

REMARK 2. Ax1om A flows (see [3]) satisfy Assumption B.

From (a) of Assumption B it follows that the transition probability P%(z, x, Q) of
the process x© has a positive density with respect to the Riemannian volume m and
so satisfies the Doblin condition (see [4]). Therefore it has a unique invariant
measure p%. It follows from [8 and 12] under conditions of Assumption B that if

(2.11) G >p, ase — 0,
then
(2.12) Bo= 2 qjba,

I<j<vp
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where ¢, >0, 2,_,<,9,= 1 and {my} are defined by (2.6) on the hyperbolic
attractors {A }.

THEOREM 2. Suppose Assumption B and (2.11) are satisfied. Let I' = (V,,...,V,) be
a partition of M such that

(2.13) m(oT) = p, (0F) =0 foralli=1.....»
and
(2.14) max max diam ¥, <

i Ve,

where p > 0 is small enough and T', is defined in the same way as in Theorem 1. Then
(2.15) hme(r)— > h, (S)

I<j<vp
where {¢;} is the same sequence as in (2.11) and H*(T') is defined by (1.8), (1.10) and
(1.12) with p* = pf.

Remark 1 is relevant to this case, as well.
REMARK 3. It is easy to see that (1.14) is satisfied under either of Assumptions A
or B.

3. Proof of Proposition 1. Let U, U, and U, be open sets with smooth boundaries
Uy, U,, and 30, such that

(3.1) ACl,Cclyudly,Cc U, CclU U, Cl,ClUdlCl,.
Suppose that Assumption A is satisfied. Then x; € U, U dU, for all r = 0 provided
x5 € Uy U U,

It is clear that there is 7 > 0 such that for any x € U, U dU, it follows that
S7x € U,. Then one can see that

(3.2) g = inf P¥T,x,U;) > 1 ase—0.
XE U,

Let 7, = 0, let 7, be the first time the process x{ hits dU,, and let 7, be the first
time after 7, that x¢ hits dU,. Let 7,(7,) be the first time after 7_,(7,) that x; hits U,
(AWy).

By the strong Markov property, for any x € U, U U, and any Borel set V' C U,
one has

(3.3) P(t,x,V) = P(t,x,V) + Eix, .o P(1 — 1, X, V)

= 2 Exx‘r <t ( Tn’x:,,’V)’
n=

where E{ is the expectation of the process x; starting at x, x , = 1 if an event 4
occurs and x , = 0 otherwise, P*(s, x, V') is the transition probability of the process
x£ with the absorption on 90, i.e. the solution of the parabolic equation du®/9t =
L u* with zero conditions on d0,.

Since L¢ is uniformly nondegenerate in U, (while ¢ > 0 is fixed) then (see [1]) there
exist G° > g° > 0 such that

(3.4) g =p(1,x,y)=g§° foranyx,y € U, U,
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and
(3.5) p(t,x,y)<g" foranyr=0if x €U, and y € U,,

where p*(z, x, y) is the transition density of the process x; with absorption on 9U,,
Le.

(3.6) P(e.x. V) = [ (e x, y)m(dy)

for any Borel set V.
From the strong Markov property and (3.2) it follows that
(3.7) sup Pi{7, < T} <(1—gq")".

xe Uy

Therefore by (3.3)-(3.7),
(3.8) (1+1/¢)gm(V)=P(T+ 1,x,V)=q" - Gm(V).

Since U, U,, and U, satisfying (3.1) can be arbitrary, it follows from (3.8) that
P{T + 1, x,V) has a positive density p5(T + 1, x, y) for any x € U, U 9U, and
y € U,, which is bounded away from infinity and zero provided y is in a compact
subset of U .

Since by the Chapman-Kolmogorov formula,

(3.9) Pe(t,x,V) =/_ P(t—T—1,x,dy)P(T+ 1, p,V),
Uy
then P(t, x, V') has a positive density p*(¢, x, y) forany ¢t =T + 1.

Therefore the process x¢ satisfies the Doblin condition (see [4, Chapter 5]), so it
has a unique invariant measure p%, with support in U,. Moreover, p, has a positive
density g4(x) in U, with respect to the Riemannian volume m and this density is
bounded away from zero and infinity in any compact subset of U, . Hence, under the
conditions of Theorem 1, when m(9T') = 0 and 9T C U, , one obtains

(3.10) p5,(3T) = 0.

The reduction of the transition probabilities P*(¢, x, V') in (3.3) to transition
probabilities of the process x; with absorption on 9U, enables us to consider x; in
the domain U, only, where it is a nondegenerate diffusion. Then one can employ

methods of [8] to prove (2.7) since the proof in [8] uses only local behaviour of x;
near A. This remark completes the proof of Proposition 1.

4. Proofs of Theorems 1 and 2. Let

(4.1) dr(x,y)= sup dist(Sx, Sy)
O<I<T

and

(4.2) B(8,T)={yEM:d(x,y)<8}.

According to [3] a subset E C A is called (8, T )-separated if whenever x, y € E,
x # y, it follows that d(x, y) > 6. It is clear that if E is a (8, T )-separated set and
Y,z € E,y#z then B(6/2,T) and B(8/2, T) are disjoint, so E is a finite set and
the number of points of E does not exceed some constant K(§, T') depending only
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on § and 7. Thus there exists a maximal (8, T')-separated set E(d, T) (not neces-
sarily unique).

If E(8, T) is a maximal (8, T )-separated set of a hyperbolic attractor A, then (see
(3D
(4.3) U B.286.7)> UBJ(8.T)D U, s(A)DA,

xEEM.T) xEA

where a; > 0 is independent of §, T.

Since p., is ergodic (see [3]), one has from (2.5) and (2.6),

(4.4) Tllnzc %ln Jr(x) =h,(S') forp,-almostallx € A.
Define

1
(@.5) 0,(7) = {x € As| iy (x) =, (5)|> 7},

From [3] it follows that there exist C; > 0 independent of 7 and x € A such that if §
is small enough, then

(4.6) m(B(8,T)) < Couy(B.(8,T)),

(4.7) Gy <m(B(8,T))Jr(x) <G,

and foranyy € B(8,T) N A,

(4.8) G < Jp(x)JF\(y) < Gs.

If x € Q,(T)and

(4.9) T>(1/y)InG;,

then by (4.8),

(4.10) B(8, T)NACQ(T).

Now let E(8, T') be a maximal (8, T )-separated set. Then by (4.5)-(4.10),
(@.11) meM=m( U 1)

xEEMB.TYNQ,(T)

= Cs_/zz 2 Jfl('x)'
XEEWB.TYNQ,/(T)

Now let I' = {V,,..., V,} be a partition of M satisfying conditions of Theorem 1,
and let Ty(p) = {V;: ¥V, N U,(A) # @} such that

. 1 1
(4.12) l?}zal)‘idlaml/,spggaﬁ <§8,
Define U = U, V. Then
(4.13) A C U CU,4(A).

Choose 8 > 0 small enough and set

(4.14) n(e) = integral part of ¢ #.
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By the Markov property
(4.15) 0%(igs- iy ey ssgpP;{x; EV,\...xin €V, |
X squ;{x,‘ S I/,-nm”,...,xgn(f) € Vz,,m}

“ e 3 3 3
Supr{xl € Vim’ ateye1?" " XN n(e) € I/fN-/:(rb}'

where the sup is taken over z € U,. Therefore

(4.16)
Hi o D) == 2 0%igs-emsinene)N0(igse e sin.nie))
foee v inenger
N
=-3 ( 2 °£(i(k4|)n(e)+l""’ikn<f>)
k=1 Vi Do+ 10 {kn(e)
X1In SupP;{xIE € Vl'(/.~1)nm+|""’x'e’(5) € V;‘*"“'})
=-N 2 og(il""’in(c))ln SupPzE{Xf = Vil""’x;(f) € I/in(r)}
e i) z
def
ENH:(E)(F).
Moreover,
(4.17) Hio(T) = 35,1,
def
= 2 o‘(il,,,_,i,,(s))lnsupP;{xfE V;x""’x:(f)e V;nm}’
([] ~~~~~ in(s))ecgn‘(’s) ‘

where 97, is the collection of n(e)-sequences iy, ..., i, such that if (i},...,i,) €
Fote)» then
)] V,-/ NU(A)# 9D, 1e. V,/ € I'y(p) forallj = 1,...,n(8);
(i) there exists x € E(9, n,(¢)) such that V,-/ C U,s(S’x), j = 1,...,n(¢), where
E(8, n(¢)) is a maximal (8, n(¢))-separated set:
(iii) the point x from (ii) does not belong to Q,. (n(¢)).
It follows from [8, 9 and 12] that

(4.18) £ (ONUT) < CD%exp(-ay/e?),
and for any z € U,
(4.19) Pj{ inf  sup dist(xf, Sy) = p} < C“’exp( ;‘}3)
YEUL(2) o<r<n(e) €
for some CV, a, > 0 independent of ¢, provided B in (4.14) is small enough.
On the other hand, if § is small enough, then by the arguments of [8] and §5 of [9]
for any x € A and y € U, one can see that
(4.20) Pf{ max dist(x, $/x) < 28} < C@ 4l (x)

Yigjsn(e
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and

(4.21) / u‘(dy)Pf{ max dist(x’, S'x) < 6} <y (x)
Uy Tl <n(e)

for some C® >0 independent of &, x and y, where d, is the dimension of the
unstable subbundle F*.
From (4.20) together with (i)—(iii), it follows that

d 1
2 gY )=|h, (S “ -2y — ! C(Z))
(4 ) ( ) ( n(t’)) ( ﬂ,\(S ) n(g) v n(s) 1
X 2 os(il **** in(r))‘
(VTR ingey) €5ty
Next from (4.3), (4.11), (4.12), (4.18), (4.19) and (4.21), one obtains

(423) 2 os(il""*in(t))

(il ~~~~ ’Itt))e n(r)

< n(e)ps, (UN\UY) + supP { inf sup dist(x,, S'y) = }
YEU,(: ) 0<r<n(e)

+ > fuf(dy)R,,{ max dlst(x S’x) 26}

XEEB.T)NQyy(n(e) ” Ua l<j=n(e)

< (n(e) + Nexp(-ay/e) + COCy,p15(Q,(n(e))).
From (4.4) it follows that

(4.24) limu(Q,(n(e)) = 0.

By (3.10),

50 (4.22)-(4.24) yield

(4.25) lim inf
e—0 n(s)

f}CE( n(e)) /h (S )— 2'Y

Since y can be arbitrarily small, one obtains from here and (4.16)—(4.17) that

(4.26) lim it n(‘ FHL (D) 2 By (S),
On the other hand, the limit (1.12) exists, so by (4.16),

(4.27) HYT) = (1/n(e))H,(T),

and by (4.26),

(4.28) li?liéﬁH‘(l“) = h,“\(S‘).

This together with (1.19) gives (2.9), since in our circumstances (2.7) is valid, so in
(1.13) and (1.19) one can take any subsequence. Theorem 1 is proved.
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Now suppose the conditions of Theorem 2 are satisfied and I' = {V|,...,V,} is a
corresponding partition of M. Then by (1.19), (2.11) and (2.12),

(4.29) limsup H*(T) < H(T) <h,(S') = T g,h, (5.

£—0 I<j<v

Inequality (4.16) does not use any assumption of Theorem 1, so this inequality
remains valid in the circumstances of Theorem 2. We shall use the same notation as
in (4.16).

(4.30) Hio(T) == 2 0(iiiinn)
XIn suij{xf EV i Xy € V,"m}

> _ 2 O€<il,...,i”(”)

(TP Eniey) € Gy
h

XIn SUpst{xf ev, 7""x;(8) € V’nm}’

where G, ,, is the collection of n(e)-sequences (iy,...,i,.,) such that there exists an

n(e
integer r =r; ;< so that A C V., C Us(A,) C Uy, for all j=1,...,n(e),
where § > p > 0 is small enough.
Then clearly,
(4.31) > 0 (iysevinge) Sn(e)u‘B(M\ U Us(Aj)).

(iyeeeos inie)) & Gngey Isj<v

It follows from [12] (see §8 and Remark 3 there) that for some C®, a; > 0,

(4.32) wB(M\ U Us(A,)) <C<3)exp(1;3).
I<j<v €
Therefore,
(4.33) > 0(iysesige) = 1 ase—0,
(iys. ... fey) € Guee

so one can consider the process x;, 0 < ¢ < n(¢), separately in each neighborhood
Uss(A)),j = 1,...,». Then we apply the proof of Theorem 1 to show that if

(4.34) (Uns(A))) = g, ase —0
then

1
(4.35) — lim —— (rA )=h, (S").

qj EI—O n( ) "(E)
Therefore using (1.12), (2.11), (2.12), (4.16) and (4.28), one gets (2.195).

5. Concluding remarks. It follows from [3] that for m-almost all point y from the
neighborhood U, of a hyperbolic attractor A,

(5.1) lim }m J(y) = h, ().
t—oC :
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Set

Q«(T,8) = P_:{ sup dist(xf, S'x) < 8}_

O<I<T
Then by (5.1) and Theorem 2.1 of [9] for m-almost all x € Uy(A),

(5.2) lim llmsup—an (T,8) =-h,(S")

=0 7.

provided 6 > 0 is small enough. Hence

1
1y —
(53)  h,(S")= TS /Usmm llgls:clp L (in 0¥(T, 8))m(dx).
If M is compact and L* is a nondegnerate, then the distribution P{x{ € dx} is
equivalent to the Riemannian volume, so one can replace m(dx) in (5.3) by this
distribution. The shortcoming of this formula is its use of the trajectory of the flow
S’ for the representation of the entropy. On the contrary the left-hand sides of (2.9)
and (2.15) do not depend on the flow S* but only on its random perturbations x;.

Some version of this can be proved for the nonuniform hyperbolic case, namely
for flows with smooth invariant measures and nonzero characteristic exponents (see
[11]). Then there is a function p(x) positive on regular points such that in
neighborhoods U, ,,(x) the dynamical system has properties similar to the uniform
hyperbolic case (see [7] in the case of diffeomorphisms) and this function satisfies
(see [10])

(54) J o (o)l(dx) < oo,

where p is a smooth S’-invariant erogodic measure.
From (5.4) it follows that the times ¢ for which p(S'x) < ef, 0 < B < 1, are rare.
Hence, proceeding in the same way as in [9], one can show that if

Q(T, p,8) = P{dist(xf, S'x) < min(8, p(S'x))Vr € [0, T]}
and x is a regular point, then
(5.5) —11m llmsup—an (T,0,8) =A"(x)=h,(S"),
=0 T

where A" (x) is the sum of the positive characteristic exponents at x (see [11]). Since
the distribution of x{ is equivalent to the Riemannian volume m, provided M is
compact and L® is nondegenerate, then one has for any y € M,

(5.6) h(S') = —hmE hmsup—anxl(T p,8)

T—oc

= —hm hmsup—an (T, p, 8)m(dx),
-0'M T

where E is the expectation for the process x; starting at x.
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